
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 6, November–December 1997

Optimum Mission Performance and Multivariable Flight
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The optimum mission performance is addressed, and a simple, robust, multivariable � ight-guidance law for
following the prescribed optimum trajectory of an airbreathing, single-stage-to-orbit launch vehicle is proposed.
Discussion focuses on the critical scramjet-powered phase of � ight for a hydrogen-fueled vehicle. The performance
analysis,basedonenergy-statearguments,suggests that,whereas station keeping andorbitalmaneuverswill clearly
require rocket propulsion, low-Earth-orbital energy can be achieved with scramjet propulsion. The feedback
guidance law for trajectory following is also synthesized using total-energy concepts, along with an approach
consistent with quantitative feedback theory. The open-loop system in the guidance analysis is multivariable,
unstable, and nonminimumphase. Furthermore, the vehicle characteristics lead to signi� cant interactions between
the inputs and responses. The guidance law developed relies on an integrated � ight- and propulsion-control inner
loop to stabilize the attitude dynamics and regulate the engine performance. It is shown that this hierarchical
integrated synthesis technique yields simple, classical-looking compensation that robustly stabilizes the system
and delivers very good performance.

Introduction

T O reduce the costs of deliveringpayloadto orbit, achievinglow
Earth orbit (LEO) with a single-stage vehicle has been pro-

posed. Such a vehicle must transit from launch to Mach 25 at an
altitude of about 200,000 ft. Airbreathingpropulsion is considered,
which implies that the vehicle would be operated in the atmosphere
over a much greater portionof the trajectory than would be the case
with rocket propulsion. To maximize payload to orbit, trajectory
optimization and guidance will be important.

Formal studies of the optimization of such launch trajectories
have been previously reported by several authors, including Corbin
et al.,1 Van Buren and Mease,2 Ardema et al.,3 and Sachs et al.4 In all
of these studies, numerical trajectory-optimization techniqueswere
employed, and the dynamic model was limited to the point-mass
model of the vehicle. In most of these studies, the three-degree-of-
freedom equations of motion were enforced along the trajectory,
whereas in Ref. 2 the singular-perturbationdecompositionwas uti-
lized. In the work reportedhere and elsewhere,5;6 we have employed
the classical energy-state approach,7 which admits an approximate
graphical solution to the optimizationproblem. We have previously
shown both that this method can be justi� ed for this class of vehicle
and that results obtained using the energy-state approach can agree
quite favorably with results obtained via more sophisticated tech-
niques. Also, the simple energy-state concept aids considerably in
understanding the characteristicsof the system.

But determination of the optimal trajectory is not the only issue
under study here. For these vehicles, a highly integrated guidance
and control system will be necessary to achieve the requisite system
performance and stability robustness.8 This is because the unstable
airframe, propulsion system, and structural dynamics are highly
interactive.And in those studiesnoted previouslyin which guidance
laws were discussed, the attitude dynamics were ignored.

In this paper we will both describe the scramjet-poweredphaseof
an optimum � ight pro� le for a generic airbreathing vehicle and put
forth an integrated, multivariable � ight guidance and control feed-
back law. This guidance law is intuitive, extremely simple in form,
and consistentwith the energy-stateconcepts so useful in the trajec-
tory analysis.Again, the attitudedynamics have not been ignored in

Received Nov. 21, 1996; presented as Paper 97-0458 at the AIAA 35th
Aerospace Sciences Meeting, Reno, NV, Jan. 6–9, 1997; revision received
April 1, 1997; accepted for publicationApril 5, 1997. Copyright c° 1997 by
David K. Schmidt. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission.

¤Professor and Director, Flight Dynamics and Control Laboratory. Asso-
ciate Fellow AIAA.

this investigation.But the use of a multivariableintegrated� ight and
propulsioninner-loopcontrol system reportedpreviously8 is treated
speci� cally, leading to a natural hierarchical guidance and control
structure.

Vehicle Characteristics
The class of vehicle being considered is shown schematically

in Fig. 1. The geometry is generic but was selected to re� ect key
characteristics of the X-30 National Aerospace Plane vehicle. The
con� gurationis a lifting body, consistingof a forebody/engine inlet,
internalscramjet enginemodule, and afterbody/exhaust nozzle.The
study con� guration is 150 ft in length, with a weight at scramjet
ignitiontaken to be 300,000lb.A performancemodel for the vehicle
and propulsion system is described in more detail in Refs. 9 and 10.

This vehicle con� guration has two important characteristics: the
vehicle’s forebody performs a signi� cant part of the inlet compres-
sion process, and its afterbodyconstitutes a large part of the nozzle.
The engine design thus encompasses the entire undersurfaceof the
vehicle, and the engine and airframe become one. The vehicle’s
lower forebody surface produces aerodynamic lift, in addition to
providing a precompression surface upstream of the engine inlet.
The afterbody/nozzle surface experiences exhaust-plume impinge-
ment, which produces both propulsive thrust and lift.

More speci� cally, again with reference to Fig. 1, the propulsive
forces and total available lift are

Fx D T hengine C Xplume C X turn; Fz D Zplume C Z turn

Lavail D L aero C Fx sin.®/ ¡ Fz cos.®/

whereas the available thrust along the velocity vector is

T havail D Fx cos ® C Fz sin ® (1)

Figure 2 shows the scramjet’s speci� c impulse (at a velocity of
10,000ft/s) as a functionof the vehicle’s angleof attackand altitude,
where the speci� c impulse is

Isp ´
T havail

PWfuel

D
Fx cos® C Fz sin ®

PWfuel

(2)

Note the highly interactivenature of the forces on the vehicle and
the propulsionsystem’s performance.Speci� cally, the aerodynamic
and propulsive lift and axial forces and the speci� c impulse are all
strongly dependent on vehicle angle of attack, � ight velocity, and
altitude.
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Fig. 1 Generic hypersonic single-stage-to-orbit (SSTO) con� guration,
side view.

Fig. 2 Scramjet speci� c fuel consumption, Mach = 10.

Optimum Ascent Trajectory
The mission consideredis payload insertion into LEO. In investi-

gating the � ight performance,primary interestwill be on the unique
scramjet-powered phase of � ight. This phase is of special interest
because it is critical if airbreathing propulsion is to have promise
for this mission. It is also the phase of � ight about which the least
is known.

The scramjet-powered phase would be initiated after the vehicle
is � rst accelerated via a somewhat more traditional propulsive de-
vice such as a turboramjet.The scramjet-poweredphase would then
ultimately terminateafter conversionto chemical rocketpropulsion.
One issue to be addressed is the condition for optimum switching
from turboramjet to scramjet and from scramjet to rocket.

For the mission in question,a critical performancemetric is max-
imum orbital payload and, therefore, the minimum-fuel trajectory
is of primary signi� cance. For the purpose of the discussion that
follows, consider the � ight to be restricted to a vertical plane. The
potential plus kinetic energy per unit weight at sea level, or energy
height, is

E D
h R0

R0 C h
C 0:5V 2

g0

where R0 is the radius of the Earth. Under energy-state assump-
tions,6 planar � ight over a spherical, nonrotating Earth is primarily
governed by the relation

dE

dWfuel

D
PE

PWfuel

D
V
PWfuel

T havail ¡ Daero

W
(3)

or, equivalently,

dE

dWfuel
D

V Isp

W
1 ¡

Daero

T havail

and the objective function to be minimized is

Wtotal fuel D
t f

t0

PWfuel dt D
E f

E0

dE

dE=dWfuel

(4)

The solution algorithm to � nd the minimum-fuel ascent trajectory
is the familiar one, as follows.

At each energy level E , operate the vehicle so as to maximize

dE

dWfuel

(5)

and global minimization of the fuel is found by locally maximizing
dE=dWfuel.

Note at this point that the system variables,along with their func-
tional dependence, are

E D
hR0

R0 C h
C 0:5V 2

g0
; V D V .h; E/

Isp D Isp.®; h; Pw f ; V /; W .h/ D Winitial ¡ Wfuel.h/

Daero D Daero.®; h; V /; Tavail D Tavail.®; h; Pw f ; V /

Pw f D fuel � ow rate

In this performance analysis, the control (decision) variables are
propulsive mode (rocket, scramjet, etc.), angle of attack, altitude,
and fuel � ow rate, with the single state E . Typically, the angle of
attack is selected such that vertical equilibrium is enforced, based
on some selected vehicle weight W0. The governing relation is

L avail D L aero C Fx sin.®/ ¡ Fz cos.®/ D W0 1 ¡ V 2 g0 R (6)

As a � rst observation, if the available lift is assumed approxi-
mately equal to the weight (ignoring for the moment the centrifugal
acceleration), Eq. (3) may be approximately written as

dE

dWfuel

¼
V Isp

W
1 ¡

W

Tavail

Daero

L avail

and the dependence on effective L=D and T=W become readily
apparent.To gain speci� c energy, the productof these two quantities
must be greater than unity rather than, for example, requiring T=W
to exceed unity. Also observe that maximizing L=D alone can only
yielda performancepayoffif it doesnot comeat theexpenseof T=W
and Isp. Given the interactive nature of these vehicles, this is not
likely.Finally,againrecall that Lavail here includesbothaerodynamic
and propulsive effects.

Now consider the question of optimum propulsion mode switch-
ing. We see from the solutionalgorithm(5) that theoptimumpropul-
sion mode at a particular � ight condition (V and h) is simply that
which delivers the maximum dE=Wfuel. And from Eqs. (2) and (3),
the signi� cance of Isp in this regard is readily apparent.Assume, for
example, that the availablethrustachievableat some particular� ight
condition (V and h) is the same for any candidate propulsion sys-
tem (ramjet, scramjet, rocket). Then the optimum propulsionmode
at that � ight condition is simply that which delivers the highest
Isp. If on the other hand, available thrust was not the same for all
propulsion modes, the complete right-hand side of Eq. (3) must be
evaluated (maximized) to determine the optimum mode. (In Ref. 2
the concept of effective Isp was introduced. But the basic idea is
identical to the discussion here.)

Observe from the propulsion characteristics given in Ref. 1, for
example, that at � ight Mach numbers below about 5–6 in the atmo-
sphere, the ramjet will have superior Isp, whereas above this Mach
number the scramjetdeliverssuperior Isp. Further,at higheraltitudes
and Mach numbers (M D 20–25 and h D 200,000–250,000 ft), the
rocket Isp will be superior. Based on this argument, it appears that
the scramjet is then optimal for � ight above Mach 5–6, until almost
achieving orbital conditions. The rocket would then ultimately be
required for � nal orbit insertionand orbit stationkeeping.All of this
would appear to be consistentwith the results in Ref. 1, for example,
obtained via nonlinear programming.

Consider now the scramjet-powered � ight phase in more detail.
In particular,assume the scramjet is ignited at M D 6, at an altitude
chosen arbitrarily for now to be h D 40,000 ft. This corresponds
to an initial speci� c energy of E0 D 600,000 ft. The � nal speci� c
energy required corresponds to LEO conditions, e.g., h D 200,000
ft and V D 25,000 ft/s, or E f D 9:9 £ 106 ft. Furthermore, we will
assume that the rocket Isp is such that the scramjet is the optimum
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Fig. 3 Energy-gain contours and minimum-fuel trajectory.

mode up to the speci� ed terminal energy. Let the angle of attack
be chosen based on Eq. (6), with W0 taken to be half the ignition
weight, or 150,000 lb.

To describethe missionpro� le for optimal transitionbetween this
initial and � nal energy, consider the data in Fig. 3. The contours of
constantdE=dWfuel are shown along with (almost vertical) contours
of constant energy E . At each � ight condition, the angle of attack
was selected to achieve vertical-acceleration equilibrium, and the
remaining control variables were selected to maximize dE=dWfuel.
The outermost contour, for which dE=dWfuel is zero, therefore de-
� nes the � ight envelope of the vehicle. Inside this envelope, inde� -
nite sustained � ight is theoretically possible.

The optimalaltitude/velocitypro� le, obtainedfromalgorithm(5),
is also shown in Fig. 3. Because of the characteristic shape of the
contours of energy-gainef� ciency ( PE= PWfuel), the optimal trajectory
follows the altitude/Mach path of constant-energy until reaching
approximately70,000ft.At this � ightcondition,the PE= PWfuel reaches
its maximum at this energy level. The trajectory then follows a
shallow accelerating climb, with almost constant dynamic pressure
of 2000 psf, until reaching the � nal energy level. During this climb
phase, the vehicle continues to operate at maximum PE= PWfuel at each
energy level. Finally, a constant-energyclimb to 200,000-ftaltitude
completes the ascent.

For this trajectory, the total fuel required is estimated to be
160,000 lb, with a time of � ight of about 1100 s, assuming an initial
vehicle weight at scramjet ignition of 300,000 lb. This corresponds
to 53% of the ignition weight consumed, and the total weight de-
livered to orbit insertion (payload plus inert plus additional fuel) is
140,000 lb. These values are very close to those obtained in Ref. 1
for the same mission and similar propulsion characteristics.

Note � nally thatFig. 3 suggests that the � nal energyat LEO canbe
achievedwith scramjet propulsion,although the � nal orbit insertion
point is actuallyoutside the � ight envelopeof the scramjet-powered
vehicle. This means that � ight at M D 25 and h D 200,000 ft can-
not be maintained inde� nitely, which, of course, is true because
eventually the orbit will decay unless reboost occurs. Hence station
keepingand maneuveringin orbitmust be accomplishedwith rocket
propulsion.This result is also compatible with that in Ref. 1, where
rocket propulsion was only used at the � nal orbital insertion.

Consider now the contours plotted in Fig. 4, indicating constant
dynamic pressureand stagnationheat � ux. This plot shouldbe visu-
alized as overlaid on Fig. 3. By comparing the shape of the contours
in Fig. 4 with the optimal trajectory in Fig. 3, the effect of heatingor
dynamic-pressure constraints can be observed by inspection. If the
unconstrained trajectory violates any constraint boundary, the con-
strainedoptimal trajectorywould lie along the boundaryso violated.
This is consistent with the optimality criteria (5) and the shape of
the contours of constant dE=dWfuel in Fig. 3.

Finally, some of the important time historiesalong the minimum-
fuel trajectory are shown in Fig. 5. Note that the angle of attack and
� ight-pathangle are modest and the Mach in the combustorremains
between 1C and 4.3. The axial accelerations are greatest initially,
approaching5 g at about 30 s after scramjet ignition.

Fig. 4 Constraint boundaries.

Fig. 5 Selected time histories along minimum-fuel trajectory.
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Feedback Guidance Law Development
Attention is now turned to the development of a multivariable

closed-loop guidance law for following the prescribed trajectory.
The assumptions made at this point are that mission performance
will be practically (although perhaps not strictly mathematically)
optimal if a prede� ned minimum-fuel � ight path can be followed in
the presence of anomalies, such as thrust misalignments and winds;
that the guidance laws must deliver a robustly stable closed-loop
system; and that guidance-lawsimplicity is of value.

The approach that we will pursue draws from the total-energy-
control (TECS) concept of Lambregts11 and parallels multivariable
quantitativefeedbacktheory(QFT).12;13 The synthesistechniqueput
forth will deliver path following by regulating altitude and velocity
errors relative to the nominal, i.e., optimal, � ight pro� le. Further-
more, although a complete multivariablestability robustness analy-
sis will not be presented, the synthesisapproach to be used has been
shown to deliver robustly stable multiloop systems.

Finally, in the synthesisof the guidance laws, an inner-loop, inte-
grated � ight/propulsion/structural-modecontrol system is assumed
in place. This critical inner-loop control system delivers attitude
stabilization, regulation of the combustor � ow conditions, and ac-
tive structural-mode damping. It was discussed fully in Ref. 8. In
all analysis to follow, this stability-augmentationsystem (shown in
Fig. 6) is present, and the dynamics include the full position and
attitudedegreesof freedom. The combustor inlet pressure P2 is reg-
ulated using a variable diffuser area ratio Ad , whereas the engine
thrust is regulated using fuel � ow dmf =dt . The attitude is stabilized
and the � rst structural mode is actively damped by feeding back
outputs from a forward .q f / and an aft .qa/ rate gyro, plus vertical
accelerometer, to the pitch control surface ±.

Next, guidance loops will be closed around the system in Fig. 6.
The two inputs to be used are the commanded engine thrust T hc

and pitch control surface ±c . The commanded combustor pressure
remains � xed at 1 atm, to maintain the desired combustor-inletcon-
ditions. The main issues that now must be addressed are, � rst, the
selection of the best responses for feedback in this part of the guid-
ance law and, second, the synthesis of the requiredcompensation in
these feedback loops.

The signi� cance of the � rst issue cannot be overemphasized. In
fact, Ref. 14 states in relation to the QFT synthesis technique, “: : :
success: : : may depend on � nding the best pairing of plant inputs
with outputs.”With regardto this issue, theTECS11 concepthasbeen
shown to be effectivefor the synthesisof integrated,outer-loop� ight
and propulsion control for path guidance of commercial transport
aircraft. In TECS, the two controlled responses are total energy E
and altitude h, and of course this is completely compatible with the
energy-state concepts used earlier in the discussion of � ight-path
optimization. The two control inputs are propulsive thrust and an-
gle of attack, or equivalently, thrust and aerodynamicpitch-control
surface. This selection of controls and responses naturally follows
from the two equations governing energy and � ight-path angle ° ,
which is proportional to climb rate. Namely,

PE D .V=W /[T havail ¡ Daero]

V P° D .g=W /L avail ¡ g cos ° C .V 2=R/ cos °
(7)

For conventionalaircraft, pitch-control-surface(elevator) de� ec-
tion alone produces little change in drag coef� cient from the trim
value, and engine thrust is relatively independentof vehicleangleof

Fig. 6 Integrated inner-loop control law.

attack.Therefore, the � rst of the two precedingexpressionssuggests
that PE is essentially controlled by thrust, whereas the second sug-
gests that P° is essentially controlled by aircraft angle of attack,
which in the short term is controlledby pitch control surface.Based
on these arguments, guidance-law design via conventional TECS
involves designing control loops around the 2 £ 2 system

y.s/ D G.s/u.s/

where

y D
PE=V D . PV =g/ C °

PE D=V D . PV =g/ ¡ °
and u D

T hc

±c
(8)

followed by closing additionalouter loops on energy E and altitude
h. In the precedingG.s/; E D is energy distributionor kineticminus
potential energy.

However, this conventionalapproach is not appropriatefor hyper-
sonic launch vehicles.Three key reasons are as follows. The energy
and � ight-path responses from engine thrust and pitch control sur-
face are highly coupled, the energy is dominated by the velocity
(kinetic energy), and the � ight-path response of these vehicles is
problematic.

The strong dynamic coupling has been discussed in several pre-
vious papers by the author (cf. Ref. 8). This coupling is evident in
the basic force equations [Eq. (1)] and in the data in Fig. 2, both
revealing that the engine performance is strongly angle-of-attack
dependent.

The problematic � ight-path response, noted in Ref. 15, for ex-
ample, is associated with the washout of this response below the
phugoid frequency. This makes � ight path (or climb rate) dif� cult
to control precisely. Reference 15 suggested that the problem is
due to a low lift effectiveness Z® , but our analysis indicates that
perhaps the primary culprit is the high-� ight velocity coupled with
the altitude-dependentatmospheric density. For example, consider
the case of slightly positive � ight-path angle. With high velocity, a
small positive � ight path leads to a signi� cant change in altitude and
a concomitant reduction in atmospheric density. If the density is re-
duced, both thrust and lift are reduced. Hence, a positive � ight path
cannot be held inde� nitely, either by increasingthrust or by pitching
the vehicle. The bottom line from all this is that our system, with
transfermatrix both unstableand nonminimum phase, is dif� cult or
impossible to stabilize using the classical TECS architecture.

More speci� cally, the magnitudes of the G.s/ matrix elements
de� ned earlier [Eq. (8)] are shown in Fig. 7. All data to followare for
a � ight condition of Mach 8 at 85,000 ft; the stability-augmentation
system in Fig. 6 is in place. The strong coupling, indicated by the
magnitude of the off-diagonal elements relative to the diagonal, is
clearly evident. Also, note that the PE and the PE D responses are
almost equal, both for the thrust input and for the pitch control
input. This is due to velocity dominating the total energy. These
two essentially equivalentresponseswill be very dif� cult to control
independentlywith these two inputs.

For the vehicle con� guration being considered, � ight-path angle
is a much more preferable controlledresponse than energy distribu-
tion E D. This is true even though � ight path is dif� cult to control,
as already noted. Although precise control is impossible, we will
show that suf� cient control can be realized such that altitude can be
controlled.Thus, consider selecting the responsevector y now to be

y D
PE=V D . PV =g/ C °

°
(9)

where energy distribution has been replaced by � ight path. Shown
in Fig. 8 are the magnitudesof the � ight-path responsesfor the study
vehicle (including the effect of stability augmentation). Consider-
ing Figs. 7 and 8, one can see that, although the dynamic coupling
is still evident, these two responses . PE=V and ° / are now signif-
icantly different. Furthermore, although still nonminimum phase,
the transfer-function and transmission zeros of this 2 £ 2 system
are in much more advantageous locations than those with E D as a
response. Hence, robust stabilization is facilitated.
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(
:
E/V)/Thc

(
:
ED/V)/Thc

(
:
E/V)/±c

(
:
ED/V)/±c

Fig. 7 Elements of transfer matrix G( j!) [Eq. (8)], magnitudes only.

The eigenvalues for this system [with outputs as in Eq. (9)] are
0:0001 § 0:140 j , ¡0:003, ¡3:867 § 2:052 j , ¡10:085, ¡3:178 §
16:109 j , and ¡28:08; and the transmissionzeros are two at 0:0000,
3:092, ¡3:257, ¡0:261 § 17:681 j , and ¡29:104.

With the feedback responses .E=V and ° / selected, compensa-
tion synthesismay now be addressed.Repeating for the sake of clar-
i� cation, compensation for the system depicted in Fig. 9 is sought,
where G.s/ is the 2 £ 2 transfer matrix for the hypersonic vehicle
(with stability augmentation), correspondingto the output vector in
Eq. (9) and the control vector in Eq. (8).

Now if the correspondingG.s/ is written as

G.s/ D
g1;1 g1;2

g2;1 g2;2

and K .s/ is the compensation matrix, the closed-loop system in
Fig. 9 will be

yCL.s/ D [I C G K ]¡1GK Pycom.s/ D TP .s/ycom.s/

°/T hc

°/±c

Fig. 8 Magnitudes of � ight-path angle transfer functions.

Fig. 9 Candidate SSTO guidance-law architecture, intermediate loop.

Fig. 10 Equivalent QFT loop.

where P is a matrix of pre� lters, taken as the identity in this dis-
cussion.

It can easily be shown12¡14 that, if K .s/ is diagonal, the compli-
mentary sensitivity matrix for this system TP may be written as

TP . j!/ D [3 C K ]¡1.K P ¡ BTP / (10)

where

G¡1 D H D [1=qi; j ] D 3 C B

3 D diag.hi;i /; B D off-diag.hi; j;/; i 6D j

and, therefore, the two elements on the diagonal of K .s/, k1;1 and
k2;2 , can be considered to be controlling four single-loop systems
of the form depicted in Fig. 10. Under certain conditions,12¡14 these
single-loopsystems may be rendered to be, in the aggregate,equiv-
alent to the original multivariable 2 £ 2 system. One such condi-
tion guaranteeingequivalencecan be achieved is a minimum-phase
plant, which is not the case here. Another is that bounds on the
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Fig. 11 Frequency response of q1;1 [Eq. (11)].

Fig. 12 Frequency response of q ¤
2;2 [Eq. (12)].

magnitudes of the elements of the complementary-sensitivity ma-
trix are known,which is not true in ourcaseeither.Therefore,though
QFT will be used as a guide, it will not be used as the exact recipe
for the synthesis.

Therefore, for the 2 £ 2 system in question (again noting Figs. 9
and 10), we seek to determine k1;1 and k2;2 , where

T hc D k1;1.s/[. PV"=g/ C °"]; ±pitchc
D k2;2.s/°"

°" D °c ¡ ° and PV" D PVc ¡ PV

with

q1;1 D det[G. j!/]
g2;2

q2;2 D det[G. j!/]
g1;1

and di; j D qi;i h i; j tP j;i

(11)

BecauseG.s/ is bothopen-loopunstableandnonminimumphase,
extra care is required in the synthesis.12;13 The K .s/ must success-
fully stabilize the closed-loop system, and just as with single-loop
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systems,this requiressomeminimumclosed-loopbandwidth.At the
same time, the maximum bandwidth will be limited by the right-
half-planezero at 3.09 rad/s. And we have found that, to successfully
applyQFT in this case, the techniqueofRef. 13 shouldbeusedrather
than that of Ref. 12.

The approach is to synthesize k1;1.s/ � rst, using the given q1;1,
and then k2;2.s/ is synthesized using the following effective plant:

q¤
2;2 D g2;2 C

k1;1g1;2g2;1

1 C k1;1g1;1

(12)

rather than the q2;2 given earlier in Eq. (11). This effective plant
[Eq. (12)] includes k1;1.s/ and can be found through simple block-
diagram manipulation of the 2 £ 2 system.

The frequency response of q1;1 is shown in Fig. 11. These data
suggest that, to achieve any kind of tracking performance, inte-
gral control will be required. The data also suggest that phase lead
must be introduced near gain crossover. The following compensa-
tion meets this criterion and sets gain crossover at about 1 rad/s:

k1;1.s/ D 20,000.s C 0:5/

s
lb

Now consider the frequency response of q¤
2;2 , shown in Fig. 12.

These data also suggest that integral control will be required in k2;2

and that phase lead is also necessary near gain crossover. Further-
more, gain crossover of this pitch-control loop must occur above
the (unstable) phugoid frequency (»0:14 rad/s) yet below the zero
at 3.09 rad/s. The data also suggest that stabilization of the system

Fig. 13 Guidance law outer loop.

E step, 6000 ft h step, 1000 ft
Fig. 14 Guidance law step responses.

primarily results from closure of this pitch-control loop. The fol-
lowing meets this criterion:

k2;2.s/ D ¡20.s C 0:5/

s

Finally, investigation of the frequency responses of di; j (not
shown) reveals that the cross coupling in G.s/ will result in dis-
turbances in each loop (see Fig. 10) out to the bandwidth of the
closed-loop system, i.e., bandwidth of the ti; j from Eq. (10), or of
the commanded inputs, e.g., °c , whichever is lower. These distur-
bances may be attenuated somewhat by using a pre� lter P in Fig. 9,
but that will not be addressed here.

The compensationas described sets the gain crossover frequency
in both loops (k1;1q1;1 and k2;2q¤

2;2 ) at 1 rad/s, stabilizes the system
with good stability margins, and results in the following closed-
loop eigenvalues: two at 0:0, ¡0:281, ¡0:399 § 0:635 j , ¡2:901 §
2:391 j , ¡18:271, ¡3:774 § 16:372 j , and ¡28:602. Furthermore,
it can be shown that this compensation makes the system’s h=V -
to-°c dynamics and the E=V -to-.dE=dt/=Vc dynamics essentially
k=s out to about 0.2 rad/s. Therefore, closing constant-gain loops
around this system (as shown in Fig. 13), will deliver excellent
stability margins. This completes the synthesis of the hierarchical
multivariable guidance law.

Shown in Fig. 14 are step responses corresponding to a com-
manded change in total energy E of 6000 ft, with constant altitude,
and a commanded change in altitude h of 1000 ft, with constant
energy.Plotted are pitch rate and vertical acceleration,total control-
surfacede� ectionand fuel-� ow rate, thrust,angleof attack,velocity,
altitude, � ight-path angle, and total speci� c energy E . Note that a
change of total energy at constant altitude corresponds to simply a
change in velocity.The controlledresponsesachievetheir respective
commanded values in about 10 s, all transients settle out in about
20 s, and the responses reveal good decoupling characteristics.

These simulationresultswereobtainedusinga small-perturbation
model, linearized about the reference � ight condition (Mach 8 and
h D 85,000 ft). To implement the guidance law, the commanded
velocity and accelerationused to generate the commands in Fig. 13
can be taken directly from the optimum velocity-altitude pro� le,
such as that shown in Fig. 3. Any deviationsfrom this trajectorythen
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generate the energy-altitudeerrors to be regulated by the guidance
law. Finally, gain scheduling may be required along the trajectory.
But such gain schedulingwould be modest if the trajectoryre� ected
almost constant dynamic pressure, as is the case for the trajectory
shown in Fig. 3.

Summary and Conclusions
The minimum-fuel ascent performance was evaluated for a

genericairbreathinglaunch vehicle, and energy-stateconceptswere
employed.Also, a hierarchical,multivariableguidancelaw was syn-
thesizedfor followinga prescribedoptimal trajectory.The guidance-
law synthesis approach also drew heavily from total-energy con-
cepts, consistent with the performance analysis. Furthermore, the
synthesisapproachis consistentwith QFT. Selectionof theappropri-
ate responsesfor feedbackwas shown to be critical,and the selected
responses, energy and � ight path, were chosen based on the unique
characteristics of this vehicle. Namely, the responses are highly
coupled, the total energy is dominated by velocity, the � ight-path
response is dif� cult to control, and the controlled plant is unstable
and nonminimum phase. However, the synthesis technique yielded
a simple, classical-lookingfeedback guidance law that successfully
stabilized the system and appears to deliververy good performance.
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